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• When the six points in space are coplanar, this constructive method does not
hold. Clearly, for instance, the cross-ratio of the pencil of lines (ab, ac; ad, ae)
cannot be measured anymore as the point a is confused with b, c, d, and e if A is
coplanar with B, C, D, and E.

• Moreover, when the six points and the camera center lie on a twisted cubic, both
its non-degenerate and degenerate forms, the method fails. This is due to the fact
that a twisted cubic in space is projected onto a plane as a conic if the projection
center is on the twisted cubic. The lines that project the twisted cubic lie on a
quadric cone, which is a degenerate ruled quadric. For instance, there will be only
one conic for any chosen plane. The conic through the points A′, B′, C ′, D′, E′

and the conic through the points A′, B′, C ′, D′, F ′ are the same conic, it will be
impossible to construct the intersection of these two conics to obtain the point
A′.

Remarks

• This constructive technique was presented by Tripp [236] in the planar case. The
3D extensions have been presented in [211, 144].

• This technique is not computational, but the construction is simple and elegant.
More importantly, it has inspired the development of vision geometry using pro-
jective geometry. This is de facto an uncalibrated method in which only the cam-
era center matters while the other camera parameters are bypassed.

3.2.3 The DLT calibration

Given a set of point correspondences xi ↔ ui between the 3D reference points xi

and 2D image points ui. The camera calibration consists of determining the projec-
tion matrix of the camera P, which contains both the intrinsic and extrinsic parame-
ters of the camera. The non-linear distortions are not considered for the time being.
They could be carried out beforehand and jointly optimized in the final optimization.

From the projection equation of each point λui = Pxi, we have two linear equa-
tions in the entries pij by taking the ratios of the first component and the third one,
and the second components and the third one to eliminate the unknown λ:

!
xi yi zi 1 0 0 0 0 −uixi −uiyi −uizi −ui

0 0 0 0 xi yi zi 1 −vixi −viyi −vizi −vi

"
p12 = 0,

where we pack the unknown entries pij into the twelve vector p. For n given point
correspondences, we have a homogeneous linear system of equations

A2n×12p12 = 0.
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As the unknowns are homogeneous, there are only eleven degrees of freedom.
The dehomogenization could be one of the following constraints:

• p34 = 1, which transforms the homogeneous system into an inhomogeneous
system Ax = b.

• ||p12|| = 1, which is directly solved by the SVD.
• p2

31 + p2
32 + p2

33 = 1, which becomes a constraint linear system [52]. This con-
straint proposed by Faugeras and Toscani has the advantage of preserving the
rigidity in the decomposition.

As soon as we have 51
2 points, or six points if we do not have a half point, the

system is solved. The most convenient way might be through a SVD decomposition
of the matrix A2N×12 with the unknown vector x normalized. This gives a good
initial estimate of the camera matrix if additional data normalization advocated by
Hartley in [76] is carried out.

Algorithm 1 (The DLT calibration) Given at least six 3D-2D point correspon-
dences xi ↔ ui for i = 1, . . . , n and n ≥ 6, compute the intrinsic parameters
K of the camera and the rotation R and the translation t of the camera with respect
to the points xi.

1. Compute a 2D similarity transformation Tu such that the points ui are translated
to its centroid and re-scaled so that the average distance equals to

√
2. Do the

same to compute a 3D similarity transformation Tx for xi so that the average
distance equals to

√
3.

2. Apply ũi = Tuui and x̃i = Txxi.
3. Form the Ã2n×12 matrix with normalized points ũi and x̃i.
4. Solve for p̃12 by taking the singular vector corresponding to the smallest singular

value of Ã2n×12.
5. Convert p̃12 into the matrix P̃.
6. Undo the normalization by P = T−1

x P̃Tu.
7. Decompose P to obtain the intrinsic parameters in K and the extrinsic parame-

ters R and t.

The solution is unique.

The critical configurations

• When the points are coplanar, the calibration method fails because of the rank
deficiency of the matrix A2n×12.

• When the points and the camera center lie on a twisted cubic, including both
non-degenerate and degenerate forms of the twisted cubic, the calibration is not
unique [16]. The geometric proof is constructed in the previous section.
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Remarks

• The half point redundancy of the six points with respect to the strict minimum
of 5.5 points in the calibration finds the ramification in the six-point algorithm in
Section 3.5.2.

• A more elaborate calibration procedure usually includes a nonlinear optimiza-
tion after the DLT solutions with additional nonlinear distortion parameters. The
methods of using a planar calibration pattern introduced in [254, 215] are also
practical.

3.2.4 The three-point pose algorithm

Given a set of point correspondences xi ↔ ui between the 3D reference points xi

and 2D image points ui, and also given the intrinsic parameters of the camera K. The
pose estimation consists of determining the position and orientation of the calibrated
camera with respect to the known reference points. The camera pose is called space
resection in photogrammetry. The difference between the camera calibration and the
camera pose is that the intrinsic parameters of the camera needs to be estimated for
the calibration and is known for the pose.

The distance constraint

An uncalibrated image points in pixels ui and its calibrated counterpart x̄i is re-
lated by the known calibration matrix K such that ui = Kx̄i. The calibrated point
x̄i = K−1ui is a three vector representing a 3D direction in the camera-center co-
ordinate frame. For convenience, we assume the direction vector is normalized to a
unit vector such that x̄ ≡ x̄/∥x̄∥. A 3D point corresponding to the back-projection
of an image point/direction x̄ is determined by a depth λ as λx̄. The depth λ is the
camera-point distance.

In summary, u is an image point in pixels; x̄ is the direction vector of an im-
age point for a calibrated camera; x′ = λx̄ is a space point corresponding to the
image point u in the camera-centered coordinate frame; and x is the space point
corresponding to the image point u in the world coordinate frame.

The distance between two 3D points represented by the vectors p and q is given
by the cosine rule:

∥p − q∥2 = ∥p∥2 + ∥q∥2 − 2pT q.

Applying this to the normalized direction vectors representing the 3D points in the
camera frame, and using the fact that ∥x̄p∥ = 1, gives:

d2
pq = λ2

p + λ2
q − cpqλpλq,


