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3.3.1 The fundamental matrix

Geometrically, given an image point in the first view, this point first back-projects
into a line in space, then this line reprojects onto the second view as a line along
which all potential corresponding points of the given point in the first view are
located. (cf. Figure 3.6). Equivalently, this is to say that the corresponding points
in two views and the point in space are on the same plane! This is the coplanarity
constraint, from which all the geometries of two views are derived.

A point in one view generates a line in the other view, which we call the epipolar
line. The geometry is called the epipolar geometry. The line connecting the two
camera centers intersect with each image plane at a point, which we call the epipole.
In other words, the epipole in one view is the image of the other camera center. All
epipolar lines pass through the epipole, and form a pencil of lines.
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Fig. 3.6 The epipolar geometry of two views. A pair of corresponding points is u ↔ u′. The
camera centers are c and c′. The epipoles are e and e′ in the first and second image. The line l′ is
the epipolar line of the point u.

Algebraically, without loss of generality, we can always choose the simplest co-
ordinate representation by fixing the coordinate frame with that of the first view, so
the projection matrix for the first view is P3×4 = (I, 0) and the second becomes a
general P′

3×4 = (A, a). Also with us is a point correspondence u ↔ u′ in two views
of a point x in space.

The back-projection line of the point u is defined by the camera center c =
(0, 1)T and the direction x∞ = (I−1u, 0)T , the point at infinity of this line. The
images of these two points in the second view are respectively e′ = (A, a)c = a and
u′
∞ = (A, a)x∞ = Au. The epipolar line is then given by l′ = e′ × u′

∞ = a × Au.
Using the anti-symmetrical matrix [a]× associated with the vector a to represent the
vector product, if we define

F = [a]×A,

which we call the fundamental matrix, then we have

l′ = Fu.
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As the point u′ lies on the line l′, it verifies u′T l′ = 0. We come to the fundamental
relationship of the epipolar geometry between two image point correspondence u
and u′:

u′T Fu = 0.

Properties of F

• Rank constraint. The fundamental matrix F is singular and has rank two be-
cause of its multiplicative component of an anti-symmetric matrix that has rank
two. Geometrically, the set of all epipolar lines passes through the same common
point–the epipole, they form a pencil of dimension one.

• Epipolar geometry. The kernel of F is the epipole in the first image plane. To ob-
tain the other epipole, it suffices to transpose F, that is FT e′ = 0. As if u′T Fu = 0
is the epipolar geometry between the first and the second view, transposing the
equation gives the same in exchange of the views. The epipolar line in the second
image plane is Fu, and is FT u′ in the first image plane.

• Degrees of freedom. The degrees of freedom of F is seven.

– Algebraically, F has 3× 3 = 9 homogeneous elements, which makes up only
eight degrees of freedom. In addition, it is singular, so only seven degrees of
freedom remain.

– Geometrically, each epipole accounts for two degrees of freedom, which
makes four for the two epipoles. The two pencils of corresponding epipolar
lines are in homographic correspondence of dimension one, which accounts
for three degrees of freedom. The epipoles and the pencils make up the total
of seven degrees of freedom for F.

– Systematically, for a system of two uncalibrated views, each view or camera
has 11 degrees of freedom, so the two views amount to 22 degrees of freedom.
The entire uncalibrated system is defined up to a projective transformation that
accounts for 4× 4− 1 degrees of freedom, so the total degree of freedom of a
system of two uncalibrated views is seven from 2×11− (4×4−1) = 7. The
crucial fact is that the fundamental matrix having exactly seven degrees of
freedom is a perfect minimal parameterization of the two uncalibrated views!

• Projective reconstruction. The fundamental matrix or the epipolar geometry is
equivalent to the determination of the two projection matrices of the two views up
to a projective transformation, which is equivalent to a projective reconstruction
of the two uncalibrated views [42, 79]. Given F, one possible choice for the pair
of projective projection matrices is

(I, 0), and ([e′]×F, e′),

which can be verified by the definition of F. Then, each image point correspon-
dence can be reconstructed up to a projective transformation from the two pro-
jective projection matrices.
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Remarks

The notion of projective reconstruction, originated by Faugeras and Hartley in
[42, 79], changed the scope of shape representation, and initiated the systematic
study of vision geometry in a projective setting. Together with the affine shape rep-
resentation introduced by Koenderink in [103], this projective stratum complements
the spectrum of shape representations. Computationally, it is still the determination
of the epipolar geometry encoded by the fundamental matrix. With hindsight, the
point correspondence information of rigid objects in different views encoded by the
projective structure via fundamental matrices has a profound impact on solving the
fundamental structure from motion.

3.3.2 The seven-point algorithm

The fundamental matrix has seven degrees of freedom. Since each point correspon-
dence generates one constraint, so we expect that seven point correspondences suf-
fice to obtain a solution.

Each image point correspondence in two views u ↔ u′ generates one equation
in the unknown entries of F from u′T Fu = 0,

(u′u, u′v, u′, v′u, v′v, v′, u, v, 1)f9 = 0,

where f9 = (f1, . . . , f9)T is the nine vector of the entries of the fundamental matrix
F. For seven point correspondences, we obtain a linear homogeneous system of
seven equations,

A7×9f9 = 0,

which is not yet sufficient to obtain a unique solution. But a one-dimensional family
of solutions parametrized by x/t is given by f9 = xa + tb, where a and b are the
two right singular vectors corresponding to the two smallest singular values of the
A7×9. We now add the rank two constraint of F which is the vanishing of

Det(F(x, t)) = 0.

By expanding this determinant, we obtain a cubic equation in x and t,

ax3 + bx2t + cxt2 + dt3 = 0.

Each solution to x/t from the cubic equation gives one solution to f9, and there-
fore one solution to the fundamental matrix F. The cubic equation can have either
one or three real solutions.

Algorithm 3 (The seven-point fundamental matrix) Given seven image point cor-
respondences ui ↔ u′

i for i = 1, . . . , 7, compute the fundamental matrix F between
the two views.
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1. Form the A7×9 matrix.
2. Construct a one-dimensional family of solutions to f9 by linearly combining the

two singular vectors a and b corresponding to the two smallest singular values
of A.

3. Solve the cubic equation in closed-form with coefficients obtained from a and b.
4. Obtain a solution vector f from each real solution of the cubic equation.
5. Convert f9 into the matrix form F.

There are at most three possible solutions to F.

The critical configurations

• When the seven points are coplanar, there will be an infinite number of solutions
to the fundamental matrix, regardless of any additional points coplanar with the
seven points.

• The seven points and the two camera centers make up a set of nine points, which
determines a quadric surface. If the quadric surface is a proper quadric but not
a ruled quadric, there will be only one solution. If the quadric surface is a ruled
quadric surface, for instance, a hyperboloid of one sheet, there will be three solu-
tions. The ambiguity of multiple solutions cannot be resolved regardless of any
additional points belonging to the same ruled quadric. The solution will be unique
if an eighth point not belonging to the ruled quadric is introduced [106, 137].

Remarks

This formulation and solution, which appeared in several papers in the early 1990s
in computer vision, is simple, elegant and practical. It is equivalent to the original
Sturm’s method using algebraic geometry back in 1869 in [216], which was re-
introduced into the vision community by Faugeras and Maybank [48].

3.3.3 The eight-point linear algorithm

If we add one more point correspondence and ignore the rank constraint on the
matrix F, the solution can be simply obtained from a pure linear system A8×9f9 = 0.
The excitement is that this eight-point algorithm is remarkably simple. It has been
known to photogrammetrists, a more recent revival could be found in [124, 44]. Not
until recently, this linear algorithm suffered from the numerical instability. Hartley
in [76] proposed a data normalization that makes the algorithm numerically more
stable.
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Algorithm 4 (The linear eight-point fundamental matrix) Given at least eight
image point correspondences ui ↔ u′

i for i = 1, . . . , n, and n ≥ 8, compute
the fundamental matrix F between the two views.

1. Transform the image points in each image plane by ũ = Au et ũ′ = A′u′ such
that the image point cloud in each image plane is centered at the centroid and
re-scaled to have the average distance to the centroid equal to

√
2.

2. Apply the linear method Ã8×9f̃9 = 0 to the transformed points.
3. Take the right singular vector corresponding to the smallest singular value as the

solution vector f̃9.
4. Convert f̃9 to the matrix form F̃.
5. Enforce the rank two constraint by setting the smallest singular value of F̃ to be

zero and recomposing the matrix F̃2.
6. Undo the normalization to obtain F = A′T F̃2A.

The solution is unique.

Remarks

• The simplicity of this linear eight-point algorithm is attractive as it is a linear
method for both the minimum eight points and redundant n points, but it is sub-
optimal. The recommended optimal method in Chapter 5 is first to initialize the
solution by running the RANSAC on the seven-point algorithm, then to optimize
numerically.

• The idea of taking advantage of data redundancy to ‘linearize’ algorithms has
been explored in other vision geometry problems [208, 122, 167, 182].

3.4 The calibrated two-view geometry

When the two views are calibrated, there remains only the relative orientation be-
tween the two views. The relative orientation has five degrees of freedom. Three for
the rotation, and two for the direction of the translational vector. Unfortunately the
magnitude of the translation is unrecoverable. The geometry of the calibrated views
is characterized by the essential matrix bearing more constraints than its counterpart,
the fundamental matrix, in the uncalibrated case.

3.4.1 The essential matrix

For the two calibrated cameras in a Euclidean setting, without loss of generality, we
can center and align the world coordinate frame with the first camera, the second
camera is relatively oriented by a rotation R and displaced by a translation vector t.


